This paper investigates couple-group consensus problems for multiagent first-order and second-order systems. Several consensus protocols are proposed based on the time-dependent distributed event-triggered control. For the case of no communication delays, the time-dependent event-triggered strategies are applied to couple-group consensus problems. Based on the matrix theory, algebraic conditions for couple-group consensus are established. For the system with communication delays, based on eventtriggered strategies, a Lyapunov-Krasovskii functional is constructed to prove the input-to-state stability of the systems. Moreover, Zeno behavior is excluded. Finally, numeral examples are given to illustrate the effectiveness of these results.
Introduction
In recent years, many researchers have paid attention to cooperative control of multiagent systems. This is because of the wide applications, such as formation control of satellite clusters, unmanned air vehicles, flocking, and swarming [1] [2] [3] [4] [5] . The objective in coordination control is to design appropriate control protocols such that the agents in a multiagent team can achieve a coordination objective asymptotically by using exchanged information between each other. The consensus problem is one type of the critical coordination control problems in the field of multiagent systems. It is simple in mathematics but represents a lot of real engineering systems, e.g., the attitude consensus and velocity consensus. Therefore, many researchers have focused on this topic and there emerge in large numbers of literatures [6] [7] [8] [9] [10] [11] [12] [13] .
In practical engineering applications, every autonomous agent is equipped with a microprocesser, which has limited resources and energy, to collect and process information. To reduce data transmission and save energy, event-triggered control strategies have been employed. A proper designed event-triggered strategy can also serve the desired properties of the ideal system, such as stability and convergence. Up to now, many theoretical results have been derived on event-triggered consensus problems by combining algebraic graph theory with matrix theory. The authors of [14] proposed event-triggered control strategies for first-order dynamics. A centralized formulation was considered, and then the results were extended to the decentralized counterparts. Some further results on event-based control for first-order dynamics were obtained in [15] , including the analysis of discrete systems and continuous systems with high dimensions. The event-triggered tracking control protocol for first-order dynamics was proposed in [16] . The input-tostate stability (ISS) of the closed-loop multiagent system was analyzed by employing an ISS Lyapunov function. The consensus problem for second-order dynamics via eventtriggered control was addressed in [17] , where a centralized event-triggered strategy was designed, and the bound of interevent times was ensured. To overcome the limitation of the state-dependent event-triggered control to its practical implementation, a modified version of the event-based consensus scheme was proposed in [18] . A combinational measurement approach to designing the event-triggered scheme was developed in [19] . Among these literatures mentioned above, the data transmission only occurs when the measurement error exceeds the state-dependent threshold. However, the authors of [20, 21] designed event-triggered 2 Mathematical Problems in Engineering protocols where the event occurs when measurement error exceeds the time-dependent threshold. Moreover, in [22] , flocking of multiagent systems with multiple groups was studied in fixed and switching heterogeneous networks. In [23] , an event-triggered based protocol was designed for firstorder discrete-time multiagent systems with time-varying topology. In [24] , a distributed sampled-data based eventtriggered consensus protocol was proposed. In [25] , based on weighted average consensus, distributed event-triggered cubature information filtering was studied. There are a lot of results on the event-triggered consensus scheme reported in [26] [27] [28] [29] [30] [31] [32] . For more literatures, please refer to the survey paper [33] .
To our best knowledge, all the aforementioned literatures have focused on consensus problems where all the agents can reach an agreement, even a dynamic agreement. In practical engineering applications, there is a phenomenon that the agreements are changed with the varying of environment and cooperative tasks. A novel consensus control strategy is introduced to multiagent systems, where agents in the same subnetwork reach a consistent value while no agreement between any two different subnetworks. It is called a couplegroup consensus if there are only two subnetworks. In [34] , a double-tree-form transformation was introduced and the first-order couple-group consensus problem was studied with finite switching topologies and bounded communication delays. In multiagent systems, communication delays are a kind of nonnegligible factors when they exist in the communication channel between any two agents. The authors of [35, 36] investigated this problem with undirected and directed topology. Moreover, the convergence analysis was discussed, and some criteria were established. The extension of this work to the second-order dynamics was addressed in [37] , where two different kinds of consensus protocols were proposed for networks with fixed topology. In [38] , the group consensus problem of second-order multiagent systems with time-delays was studied. In [39] , the authors studied time-varying group formation analysis and design for general linear multiagent systems with directed topologies. In [40] , group tracking control of second-order multiagent systems with fixed and Markovian switching topologies was studied.
In this paper, we want to concern the following problems. (1) The state-dependent threshold and the time-dependent threshold are usually used in the event-triggered control systems [33] . Since the time-dependent threshold has an advantage to avoid the continuous communication and also has a simpler form, we will consider the time-dependent threshold in this paper. (2) Although the authors of [20] adopted the time-dependent event-triggered strategy, single consensus was considered. It makes great sense to investigate the couple-group consensus in engineering applications. So far, however, few works have focused on the couple-group control problem via event-triggered control, especially the time-dependent event-triggered control. Motivated by the above discussion, the couple-group consensus problem via time-dependent event-triggered is considered in this paper. The contributions of this work are three-fold: (1) both firstorder and second-order dynamics in the framework of eventtriggered based control are considered in this paper. In addition, an important factor that may exist in the communication channel is considered; i.e., communication delays are considered when the event-triggered based protocols are proposed; (2) the time-dependent event-triggered protocol is introduced to deal with energy consumption and communication constraints; (3) we discuss the distributed eventbased couple-group consensus in presence of both positive and negative adjacent weights. Zeno behavior is excluded for all cases.
The rest of this paper is organized as follows. Section 2 gives some preliminaries on graph theory, assumptions, and lemmas. Event-based couple-group consensus problems for first-order dynamics and second-order dynamics are presented in Sections 3 and 4, respectively. Numerical examples are provided in Section 5. Section 6 draws the conclusions and develops the vision for future work.
Notations. In this paper, standard notations are used to illustrate the problem. R represents the set of −dimensional vectors. R(⋅) and I(⋅) are the real part and the imaginary part of a complex number, respectively. The vector 1 = [1, 1, . . . , 1] ∈ R has all elements equal to 1. × and 0 × are −dimensional identity matrix and −dimensional zero matrix, respectively. ‖⋅‖ denotes Euclidean norm, and * in this paper stands for a term of block that is induced by symmetry.
Preliminaries
Let G = (V, E, A) be a weighted graph to model the information communication among + agents with the node set V = {] 1 , ] 2 , . . . , ] + }, the edge set E ⊆ V × V, and the weighted adjacency matrix A. The node indexes belong to a finite index set P = {1, 2, . . . , + }. An edge ∈ E means that node ] can receive information from node ] . A = [ ] ∈ R ( + )×( + ) is defined as ̸ = 0 if ∈ E and = 0 if ∉ E. Moreover, in this paper, there is no self-loop, i.e., = 0. Let be the neighbor set of agent ] , denoted by = {] | = (] , ] ) ∈ }. An undirected graph G is said to be connected if there is a path between any two nodes of G.
The following definitions, notations, and lemmas are borrowed from [36] . Suppose that the network can be separated into two subnetworks G 1 and G 2 . Denote P 1 = {1, 2, . . . , },
For the two subgroups, we propose two assumptions as follows:
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which means G 1 and G 2 are in-degree balanced to each other. In this case, the Laplacian matrix has the following partition:
= [ 11 12 12 22 ] ,
where 11 ∈ R × and 22 ∈ R × . Since G is undirected, is symmetric. Therefore, all the eigenvalues of have real values.
Lemma 1 (see [36] ). has a zero eigenvalue whose geometric multiplicity is at least two. If only has two-simple zero eigenvalues and the rest of the eigenvalues of are positive, then
where = 0, = 0, and = 1 for any = 1, 2.
Event-Triggered Group Consensus for FirstOrder Multiagent Systems
In this section, event-triggered control strategy is employed for first-order multiagent system without and with communication delays. Considering a network with + agents, each agent has the following dynamics:
where , ∈ R represent the state and control input of the th agent, respectively.
Without Communication Delays.
In this subsection, we consider the distributed event-triggered consensus scheme for first-order multiagent systems. The distributed event-triggered control law is obtained:
, where ( ) represents the th triggered instant of agent .
Definition 2 (see [35] ). Couple-group consensus is asymptotically solved under protocol (5) if the states of agents in G satisfy lim →∞ ‖ ( )− ( )‖ = 0; ∀ , ∈ P 1 ; lim →∞ ‖ ( )− ( )‖ = 0; ∀ , ∈ P 2 .
Remark 3.
It is worth noting that the weight between two groups is allowed to be negative in the couple-group consensus problems. The term̂for ∈ P 1 and ∈ P 2 can be regarded as disturbances from the other subnetwork. In addition, the existence of negative factors complicates the dynamics of the multiagent systems. Particularly, the nonzero eigenvalues of Laplacian matrix does not satisfy ( ) > 0 any more when the undirected topology is connected.
. With the protocol (5), the matrix form of the closed-loop system (4) is given as follows:
Defining the average value of 1 ( ) as 1 ( ), theṅ
Under assumptions ( 1) and ( 2), G 1 and G 2 are a balanced couple. Note that the Laplacian matrix is symmetric. It follows that 1 + = 0,
The state of agents can be described as
where
. Obviously, the couple-group consensus problem of multiagent system is equivalent to the asymptotic stability of system (8) . Adopt the following event-triggered function [20] :
where 1 > 0.
Theorem 4. Under assumptions ( 1) and ( 2), multiagent system (4) with protocol (5) and distributed event-triggered function (9) asymptotically reaches couple-group consensus if has two-simple zero eigenvalues and all the other nonzero eigenvalues are positive, where the parameter 1 in the eventtriggered function satisfies
0 < 1 < 3 ( ), 0 = 1,2 ( ) < 3 ( ) ≤ ⋅ ⋅ ⋅ ≤ + ( ). Furthermore,
the system does not exhibit Zeno behavior for all initial conditions
Proof. From (8) , it follows that
Therefore, ( ) is bounded by
From the exponential estimation of solutions, we have the following inequality:
where is a constant. According to event-triggered function (9) , it follows that
Therefore,
We obtain lim →∞ ( ) = 0 if 0 < 1 < 3 ( ). Thus, the group consensus problem is solved. The verification of no Zeno behavior is similar to that of Sections 3.2 and 4 and is thus omitted here. When the absolute value of the measurement error of agent exceeds a certain value, the event occurs and the corresponding controller updates, which keeps constant value until the next event occurs.
Remark 5.
The results can be extended to the more general directed graphs. Since the eigenvalues of the Laplacian matrix associated a directed graph may be complex values. For the directed graph case, 3 ( ) is replaced with R( 3 ( )), where
With Communication Delays.
Assume that the communication delays in all channels are uniform, bounded but time-varying, which satisfy 0 < ( ) < . The couple-group consensus protocol is written as
System (4) with protocol (15) and event error ( − ( )) = ( − ( )) − ( − ( )) can be written in matrix form aṡ
According to the analysis of system without communication delays, it is obvious that( ) =( ). Then the dynamics of ( ) is given as follows: 
where 11 = ( + ) − − and 12 = − − . Furthermore, the system does not exhibit Zeno behavior for all initial conditions (0) ∈ R + .
Proof. Construct the following Lyapunov-Krasovskii functional:
We verify that
For some constant > 0, leṫ( ,̇) + ( ,̇) < 0, for
, where > 0. Hence, taking the derivative of ( ,̇), it can be obtained that
We apply the relation
and let
with 11 = ( + ) − 2 − 2 and 12 = − 2 − 3 . Applying Schur Complements Lemma [41] , < 0 if the following linear matrix inequality holds:
We multiply (25) by diag{
2 , −1 , , −1 } and its transpose on the left and the right, respectively, and denote
, and = ; then inequality (25) can be rewritten as (18) . Therefore, lim →∞ ( ) = 0, i.e., lim →∞ ( ) = [ 1 1 , 2 1 ] , which means that the couple-group consensus problem is solved. Furthermore, we will prove that the event-triggered function does not have Zeno behavior. Becausė
we have
Furthermore,
, and thus
that is,
From the input-to-state stability (ISS) theory [42] , the system (17) is ISS with the disturbance ( − ( )). It can reach couple-group consensus via event-triggered function (9) without Zeno behavior when + > 2 1 > 0.
Event-Triggered Group Consensus for Second-Order Multiagent Systems
In this section, distributed event-triggered couple-group consensus problems for second-order multiagent systems are addressed.
Consider a multiagent network consisting of + agents. The dynamics of a second-order agent is modeled bẏ
where , , ∈ R.
Definition 7 (see [43] ). Couple-group consensus for secondorder multiagent system (30) 
Without Communication Delays.
Similar to the firstorder multiagent systems, the broadcast states are described bŷ( ) = ( ) and̂( ) = ( ), ∈ [ , +1 ). Then an event-based control strategy is proposed as follows:
where > 0, > 0, ≥ 0, ∀ , ∈ P 1 , and ∀ , ∈ P 2 ; otherwise, ∈ R.
We define the measurement errors ( ) =̂( ) − ( ) and ( ) =̂( ) − ( ). This yields ( ) = − ( ) − ( ) − ( ) − ( ). The matrix form of (30) with protocol (31) is given as
The disagreement dynamics is given bẏ
In this section, we adopt the following event-triggered function [20] :
where Proof. From (34), the following analytical solution is obtained:
Theorem 8. Under assumptions ( 1) and ( 2), multiagent system (30) reaches couple-group consensus asymptotically with protocol (31) and distributed event-triggered function (35) if has two-simple zero eigenvalues and the rest of nonzero
According to the event-triggered function (35) and the exponential estimation of solutions, it follows that
where is a constant. Because 0 < 2 < |R( 5 (Γ))|, lim →∞ ( ) = 0. Then couple-group consensus of system (30) is asymptotically reached.
Next, we will show that Zeno behavior is excluded. Assume that the agents trigger at time * ≥ 0 and ( * ) = 0, for ≥ * . Before the next trigger time, the following inequality holds:
From (31), (35) , and (37), we obtain
The next event will not be triggered until
Then we can calculate the trigger time interval = − * from
, which implies that Zeno behavior is excluded for the lower bound of the interevent times .
With Communication Delays.
In this subsection, we analyze couple-group consensus for second-order multiagent systems with communication delays via event-triggered control.
Assume that the communication delay between any two neighbors is ( ), satisfying 0 < ( ) < ℎ, ℎ > 0, and > 0. The event-based couple-group consensus protocol is given as
Defining ( ) and ( ) as the measurement errors, system (30) with protocol (41) can be written as
With the definition of ( ), the system (42) is further given aṡ
where 
Furthermore, the system does not exhibit Zeno behavior for all initial conditions (0) ∈ R + and (0) ∈ R + .
The proof is similar to that of Theorem 6 and thus is omitted here.
Simulations and Analysis
In this section, several examples are given to verify the effectiveness of the main results. Figure 9 : Evolution of the measurement error norm ‖ ( )‖ with event-triggered scheme (35) .
number of actuator updating to a great extent. This is consistent with the theoretical results.
Example 4. Consider a multiagent system that has the same topology, initial state, and group division as that of Example 3.
To solve the inequality in Theorem 9, we choose 1 = 0.1, 1 = 3.6, and 1 = 0.0002, satisfying 1 + 1 > 2 2 > 0. The feasible solution is given as 
Conclusion
In this paper, the couple-group consensus problems of firstorder and second-order multiagent systems with undirected topology via time-dependent event-triggered control protocols have been considered. Based on algebraic graph theory and matrix theory, the conditions for the cases without delays have been established to ensure couple-group consensus. For the cases with communication delays, the Lyapunov method has been used to guarantee the stability of the disagreement dynamics. The presence of time-dependent event-triggered function has saved energy consumption to a great extent. In addition, Zeno behavior has been excluded in all of those cases. In future work, we will focus on couple-group consensus of multiagent systems with directed topologies.
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